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1. INTRODUCTION AND PREL IMINARIES  
Takahashi [1] introduced a notion of convex metric spaces and studied the fixed-point heory 
for nonexpansive mappings in such setting For the convex metric spaces, Kirk [2] and Goebel 
and Kirk [3] used the term "hyperbolic type space" when they studied the iteration processes 
for nonexpansive mappings in the abstract framework. For the Banach space, Petryshyn and 
Williamson [4], in 1973 proved a sufficient and necessary condition for Picard iterative sequences 
and Mann iterative sequences to converge to fixed points for quasi-nonexpansive mappings. 
In 1997, Ghosh and Debnath [5] extended the results of [4] and gave the sufficient and neces- 
sary condition for Ishikawa iterative sequence to converge to fixed points for quasi-nonexpansive 
mappings. In 2001 and 2002, Liu Qihou [6-8] proved some sufficient and necessary conditions 
for Ishikawa iterative sequence and Ishikawa iterative sequence with errors to converge to fixed 
points for asymptotically quasl-nonexpansive mappings in Banach space and uniform convex Ba- 
nach space. In this paper, we will give some sufficiency and necessary conditions for Ishikawa 
iterative sequences of asymptotically qusi-nonexpansive mappings to converge to fixed points 
in the convex metric spaces. We w111 also define the Ishikawa iteration process with errors for 
asymptotically quasl-nonexpansive mappings, give some sufficient and necessary conditions for 
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the iterative scheme converges to the fixed point of the asymptotically quasi-nonexpansive map- 
pings in convex metric spaces. Our results generalize and unify the corresponding results in [1-8]. 
DEFINITION 1. (See [1].) Let (X, d) be a metric space and I = [0, 1] A mapping W : X x X x I -+ 
X is sald to be a convexstructure on X if  for each (x,y,A) C X × X × I and u E X,  
d (u, w (x, y, A)) < Ad (u, x) + (1 - A) d (u, y). (1) 
X together with a convex structure w is called a convex metric space. A nonempty subset K 
of X is said to be convex if  w(x ,y ,A)  C K,  for all (x,y,A) E K x K x I. 
DEFINITION 2. Let (X, d) be a metric space. I -- [0, 1] an,/3~, 7n be real sequence in [0, 1] with 
a,~ ÷ ~ + % = 1. A mapping W : X 3 x 13 --~ X is said to be a convex structure on X ,  i f  it 
satisfies the fo1Iowing conditions. For any (x, y, z, an, t~n, Vn) E X 3 x I 3 and u E X ,  
d (u ,w(x ,y ,z ,  an,~n,I/~)) < and(u ,x )  ÷ ~,~d(u,y) ÷~/nd(u ,z ) .  (2) 
I t  (X, d) is a metric space with a convex structure w, then (X, d) is called generalized convex 
metric space. 
It should be pointed out that each linear normed space is a special example of convex metric 
space, but there exist some convex metric spaces which cannot be embedded into any normed 
space [1]. From Definition 2 known, Definition 1 is a special case of Definition 2 with q'n = 0. 
DEFINITION 3. Let (X, d) be a metric space, T is called nonexpansive if
d (Tx, Ty) <_ d (x, y) V x, y E X.  (3) 
DEFINITION 4. Let (X, d) be a metric space, T is called asymptotically nonexpansive if there 
exists k,~ E [0, oo), nlimoo k~ ---- O, such that 
d(T'~x, Tny)<( l÷kn)d(x ,y ) ,  V (x ,y )  eX .  (4) 
DEFINITION 5. Let (X, d) be a metric space, T is called quasi-nonexpansive, i f  F (T)  # ¢ and 
such that 
d (Tx, p) < d (x, p), (5) 
V x E X ,  V p e F(T) ,  (F(T)  denotes the set of fixed points). 
DEFINITION 6. Let (X, d) be a metric space, T is caIled asymptotically quasi-nonexpansive if  
there exists ks e [0, ~) ,  ~i% ks = 0, such that 
d(Tnx ,p)  << (1 + k,~)d(x,p) ,  (6) 
Yx  E X ,  Vp E F(T) ,  (F(T)  denotes the set of fixed points). 
From the above definitions, it follows that if F(T)  is nonempty, a nonexpansive mapping must 
be quasi-nonexpansive, and an asymptotically nonexpansive mapping must be asymptotically 
quasi-nonexpansive. However, the inverse relation does not hold. 
DEFINITION 7. Let (X, d) be a convex metric space with a convex structure W : X 3 x 13 --+ 
X, T: X --~ X be an asymptotically quasi-nonexpansive mapping of Z {an}, {~3n}, {7,~}, {a'~}, 
! ! ! {~3~}, {7'~} be six sequences in [0, 1] with an + j3n + ~/~ = 1, a n + ~,~ + ~/~ = 1, n = O, 1, 2 , . . . ,  
and E.%1 < +=,  E.%1 < for any given x0 e X, define a sequence {x.} as  ollows, 
Xn+l = w (Ty, ,  xn, u, ,  am, t3n, %),  
! ! ! = w (7) 
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where {un}, {vn} are two sequences in X satisfying the following conditions. For any nonnegatlve 
integers n, m, 0 < n < m if 6(An,m) > O, then 
max {d(x ,y ) :x  e fun, v,}, y e {x3,y3,Ty3,uj,v3}} < 5(An,m), (*) 
n<_%3<_m 
where An.m = {x~, y~, Tx~, Ty~, u~, v~ : n < ~ < m}, 
5(An.m)= sup d(x ,y ) ,  
x,yEA~,~ 
then {Xn} is called the Ishikawa type iterative sequence with errors of asymptotically quasi- 
nonexpansive mapping T. 
Obviously, the Ishikawa iterative sequence is a special case of (7) with Yn = 0, ~/t n = 0, and 
U n :V  n ~0.  
LEMMA 1. Let E be a nonempty closed convex subset of a complete convex metric space X, T : 
E ~ E, an asymptotically quasl-nonexpansJve mapping of E with ~n~__~ kn < +c~ and F(T), 
nonempty. Suppose that {xn} is defined by 
Yx0 e E, Xn+l = W (T~yn, x~, c~n), 
(8) 
yn=W(T~x, ,xn , t3n) ,  n= 0 ,1 ,2 . . . ,  
where {an}, {ft.} satisfy that 0 <_ a,~,fln <_ 1 Then, 
(a) < (1 + kn)2d(x, ,p), Vp c F(T), Vn e N 
(b) there exists a constant M > O, such that d(x~+,~,p) <_Md(xmp), Vp E F(T), Vn, m E N 
(N denotes the natural number set). 
PROOF OF (a) From (1), (6), and (b), we have 
d(Xn+l,p) = d(W (Tnymxn,OLn),p) 
< (1 - an) d (xm p) + ~nd (Tnyn, p) (9) 
_< (1 - c~n) d(xmp) + ~n (1 + k,~) d (Yn,P), 
d(yn,p) = d(W (T~xmxmfln) ,P) 
< (1 - t3n) d (Xn, p) + find (T"xn, p) (10) 
< (1 -/3~) d (x~,p) + f3~ (1 + kn) d (xn,p) = (1 ÷ fl~k~) d (xn,p) 
Substituting (10) into (9), it can be obtained that 
d (x,+l,p) <_ (1 - c~n) d(xn,p) + a~ (1 +k , ) (1  + fl~k~) d (x~,p) 
<_ (1 - an) d (xmp) ÷ c~n (1 + kn) 2 d (xn,p) 
_< (1 - an ÷ an + 2ankn + ank~) d (Xn,p) 
< (1 + 2 nk. + k n) 
< (1 + k~)2d(xn,p). 
This completes the proof of (a). 
PROOF OF (b) When x _> 0, 1 ÷ x <_ e ~, (1 ÷ x) 2 _ e 2z. Thus, from (a), 
_< (1 + 
<_ e2k"+'~-ld (ccn+m-l,p) 
< e 2E:+~-1 k'd (xn,p) 
<_ e2EF=l k.d(xn,p) 
Let e2E~l  k. = M, thus, d(xn+,~,p) <_ Md(xn,p). This completes the proof of (b). 
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OL CX3 ]~ O0 m -- m LEMMA 2 Let the sequences { ,~}n=l, { n}s=l  Sg~tis~.y that a~+l < (1 + kn)a,, ~n > O, k,~ > O, 
V n E N, and y~ kn < +oc. If l imn-.~ inf c~ 0, then l imn~ an 0. n~l  ~ 
PaooF  OF LEMMA 2. Because {~}n~=l, {kn}s~_l satisfy that a~+x _< (1+ks)an,  as  > 0, ks > 0, 
it follows that for all n, m _> 1, 
0%+ m ~ (1 --  kn+ra_l)OLn+m_l ~ en+m- lan+m_l  < . . .  <_ eE?--+Y -~ k,a s <_ Man 
k O~ where M = eE,=x , > 0. Because l imn_~ inf a ,  = 0, there must exist a subsequenee { ,~ }k=l 
of { -}n=l, such that l imn~ ank = 0. For any given s > 0,there must exist a natural number 
N, such that when k >_ IV, 0 <_ an~ <_ s/M. Thus, when n >__ N, 
e 
0 <_ an~+m <_ Ma,~ <_ M--~ = e, 
for all m >_ 1.Therefore, l imn-~ as  = 0. This completes the proof of Lemma 2. 
LEMMA 3. Let X be a complete convex metric space, T an asymptotically quasi-nonexpansive 
mapping of X, and F(T) nonempty. If {Xs}s~__0 is the Ishikawa type iterative sequence with 
errors, then 
(I) d(x~+l,p) <_ (l +k~)2d(xn,p)+Sn, V n E N, V p C F(T) where Sn = an(l +kn)7~d(vn,p)+ 
vnd(..,p). 
M K'~n+m-1 (II) There exists a constant M > O, such that d(Xn+m,p) <_ Md(x~,p) + z_,k=s Sk, 
Vn, m E N, VpC F(T). 
PaOOF OF (I). For all p ~ F(T), 
d(xn+l,p) = d(W (T'~ys,XmU~,a,~,~m"/n),p) 
< ~nd (T'%, p) + Znd (xn, p) + ~,nd (Us, p) 
_< an (1 + kn)d(yn,p) +flnd(xmp) +7,,d(un,p), 
d (y,~, p) = d (W (Tnxn, Xn, Vn, a~, fl~, 7~), P) 
aln d (Tnxn,p) + ~lnd (Zn,p) + 71nd (vn,p) 
N a~ (1 + kn) d (xmp) + fl:d (zn,p) + 7rnd (v~,,p). 
(11) 
(12) 
Substituting (12) into (11), it can be obtained that 
d (xn+l, p) _< as  (1 + kn) [~d (xm p) + a~ (1 + k~) d (Xs, p) + ~/~d (v~, p)] 
+ ~sd (xn,p) + "ynd (~,n,P) 
< as  (1 + kn) ~3~d (xn,p) + anatn (1 + kn) 2 d (Xs,p) + an (1 + ks) "/~d (v,~,p) 
+ f l J (x~,p)  + "/nd(un,p) 
= j3nd (Xn,p) + (1 --/3s -- 7n) (1 + kn) Znd (xn,p) 
+ (1 - Zn - ~s) (1  + kn) 2 ~ 'd  (x~, ;) 
-~ OZ n (1 "-~ kn) ~¢nd (Vn, p) -'~ ~nd (~n, P) 
<_ j3nd(xn,p) + (1 - Zs)(1 + kn)2j3~d(xn,p) + (1 - an) (1 + kn)2a~nd(x~,,p ) 
+ an (1 + k~,) ~d (vmp) + 7nd (u~,p) 
< ~s (1 + kn) 2 d (Xs,p) + (1 - ~,~) (1 + kn) 2 (a~ + j3~) d (Xs,p) 
+ an (1 + k,~) 3/d (vn,p) + %d (un,p) 
_ (1 + kn)2d(x,~,p) + Sn, 
where Sn = c~n(1 + kn)'7~d(v,,,p) + "/nd(us,p) This completes the proof of (I). 
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PROOF OF (I I) .  From (I), it can be obtained that 
d(xn+m,p) <_ (1 + kn+m_l)2 d(xn+m_l,p) + Sn+~- i  
<_ e2k"+~-ld(xs+m-l,p) + Sn+m-1 
<_ ,2(~'"+~-~+k'~+'-~)d (Xn+~--2,p) + e 2kn+'~-~ (S~,+m-2 + S'n+,-,,_x) 
+ / ~ , _  9~n+m-1 k 
< e2F.:=:-~k~d~xs,p) + e ~ . . . .  
n+m--1  
<_Md(xs,p)+M E Sk 
k=s  
n+rn- -1  
Sk 
where M = e 2 E :o  k~. This completes the proof of (II). 
LEMMA 4. (See [4, Lemma 2].) Let the sequences {an}n~=l, {bn}n~=l, {Cn}~=I satisfy that a~ >_ O, 
bs _> 0, c~ _> 0, a~+l _< (1 + c,)an + b~, n 6 N, E~°~=l b~ < eo, ~-~n°°=l Cn< 00, then 
(I) lims--,oo as exist. 
(II) H l ims~ inf as = O, then lims-~o~ a~ = 0. 
2. MAIN  RESULTS 
THEOREM 1. Let E be a nonempty closed convex subset a complete convex metric space X, 
T : E -* E, an asymptotically quazi-nonexpansive mapping ore (T need not be continuous) with 
~°~=l ks < oo and F(T) nonempty. Suppose that {x,~} is Ishikawa type iterative scheme defined 
by (8). Then, {Xn}n°C=l converges to a tlxed point o[T i[ and only if limn--,oo inf d(x=, F(T)) = O, 
where d(y, X) denotes the distance of y to set X; i.e., d(y, X) = inf d(y, x), Vx C X. 
PROOF OF THEOREM 1. The necesmty of conditions is obvious Thus, we will only prove the 
sufficiency. From Lemma 1, if follows that 
d(xn+l,p)<_(l+ks)2d(x,~,p), VpEF(T) ,  VnEN.  
Hence, d(xs+l,F(T)) ~_ (1 + ks)2d(xs,F(T)) = (1 + 2kn + k~)d(xs, F(T)), Es~__l ks < c~, 
ks _>0. 
Thus, E~__I (2kn + k~) < c~. From Lemma 2 and lim~-~ooinfd(x,~,F(T)) = 0, we have 
X oo limn--.oo d(xn, F(T)) = 0 Hereafter, we will prove that { n}~=l is Cauchy sequence. For all 
> 0, from Lemma 1, there exists a constant M > 0, such that 
d(xs+,~,p)<Md(xn,p), VpEF( t ) ,  Vn, mcN.  (13) 
Because l imn-~ d(xn,F(T)) = 0, thus, there exists a natural number N1, such that when 
n > N1, d(xn, F(T)) < E/3M. This imphes that there exmts a P1 E F(T), such that d(xN1, P1) <_ 
~/2M. It follows from (13), that when n > N1, d(xn+m,Xn) <_ d(xn+m,P1) + d(PI,xn) <_ 
Md(xN1, P1) + Md(xN1, P1) <- M(¢/2M) + M(¢/2M) = ~. Thus, {x,}~= 1 is Cauchy sequence. 
X oo The space is complete, thus, { -}s=t  is convergent. Let l ims-~o x~ = p. We will prove that p is 
a fixed point, i.e., p C F(T). 
For any given E > 0, lim,__,o~ xs = p implies that there exists a natural number N2, such that 
when n > N2, 
d(x,,p) <_ 2(2+k l ) "  (14) 
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Since limn--.oo d(xn, F(T)) = 0, there exists a natural number N3 _> N2, such that when n > 
d(x~, F(T)) < g/(3(4 + 3K1)), Thus, there exists a f ie F(T), such that 
g 
d (xg3, ~) <_ 
2 (4 + 3kl) 
From (14) and (15), we have 
d (TP, P) <_ d (TP, P) + d (P, TxN~) + d (TxN~,P) + d (P, xg~) + d (xg~,P) 
<_ d(TP, P) + 2d(Txg3,P) +d(xg3,P)  +d(XN3,P) 
(1 + kl) d (P, P) + 2 (1 + ka) d (XN~, P) + d (XN~, P) + d (XN~, P) 
~_~ (1 + ]¢1) d (P, xg3) + (1 + kl) d (Xg3, P) 
+2( l+k l )d (xN3,P )  +d(xN3,P) +d(xy~,P)  
~__ (2 + ]gl) d (XN3 , P) + (4 + 3kl) d (XNa , P) 
(2 + kl) 2 (2 + ]q) + (4 -k 3kl) 2 (4 + 3kl) 
N3, 
(15) 
Since g is arbitrary, we know that d(TP, P) = O, i.e., P = TP, therefore, p is a fixed point. 
This completes the proof of Theorem 1. 
COROLLARY 1. Let E be a nonempty closed convex subset of a complete convex metric space 
X,  T : E -* E, a quasi-nonexpansive mapping of E (T need not be continuous), and F(T), 
nonempty. Suppose that {xn} m Ishikawa type iterative scheme defined by 
Xo E E, x~+l = W (Ty~, x~, an) 
(16) 
yn=W(Tx~,xn,t3~),  n = 0,1,2, . . . ,  
where {as}, {fin}satisfy that 0 < an, fin < 1, and En°°=l an diverges. Then, { n}n=l converges 
to a fixed point o f t  if and only i f l im~oo d(x~, F(T) ) = O. 
Using the same method of Theorem 1, Corollary 1 can be proved. 
REMARK. Corollary 1 improves and extends [4, Theorems 1.1,1.Y; 5, Theorem 3.1; 6, Corol- 
lary 1]. 
THEOREM 2. Let E be a nonempty dosed convex subset of a complete convex metric space 
X, T : E -~ E an asymptotically quasi-nonexpanswe mapping of E (T need not be continuous) 
with ~°°__1 k~ < c~ and F(T) nonempty. Suppose that {x~} is Ishikawa type iterative scheme 
defined by (8), T satisfy the following conditions, 
(1) T is asymptotically regular in xo, i.e., hm~-~o~ d(x~, Tx,~) = O; 
(2) if llm~__+oo d(Z~, TZx~) = O, then lim~-~oo inf d(Z~, F(T)) = 0, then {x~}~=l converges 
to fixed point of T. 
PROOF OF THEOREM 2. Because T is asymptotically regular at x0, l im~_~ d(Xn,Tx,)  = 0, 
from (2), limn~o~ mf d(x~, F(T)) = 0, therefore, {Xn}n°°__l must converge to a fixed point of T by 
Theorem 1. 
THEOREM 3. Let X be a complete convex metric spaces, T : X -~ X an asymptotically quasi- 
nonexpansive mapping of X (T need not be continuous) and F(T) nonempty. Suppose {xn}~_l 
X oo is an Ishikawa type iterative sequence with errors defined by (7). Then, { n},=o converges to a 
fixed point if and only/f l im~_~ inf d( x~, F(T)) = O, where d(y, C) denotes the distance of y to 
set C, i.e., d(y, C) = inf d(y,x), Y x C C. 
PROOF OF THEOREM 3. From Lemma 3, we have 
d(xn+m,p)<(l+kn+m_l)2d(xn+m_l,p)+Sn, VpEF( t ) ,  VnEN,  (17) 
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where Sn = an(1 + kn)7~d(vn,p) + ")'nd(un,p). Since 0 _< a,, _< 1, ~"~n=l°° kn < oc, 0 <_ "Yn <_ 1, 
from (.) of Definition 7, we have d(un, p), d(vn, p) are bounded. Thus, Y~--1 Sn < +oc, from (17), 
we can obtain 
d (Xn+l, F (T)) __< (1 4- ]gn) 2 d (Xn, f (T)) 4- Sn. 
For limn-~oo inf d(x,~, F(T)) = 0 and from Lemma 4, we have limn-~oo d(x,~, F(T)) = O. 
X oo It will be proven that { n}~=l is a Cauchy sequence. 
For all e > 0, from Lemma 3, it can be shown there must exist a constant M > 0, such that 
n+rn- -1  
d(xn+m,p)<Md(xn,p)+M ~ Sk, VpeF(T) ,  Vn, meN.  (18) 
k=n 
0o S Because lim,~--.oo d(xn, F(T)) = 0 and ~'~n=l ~ < +co, there must exist a constant N1, such 
that when n > N1, 
oo 
E and ~ Sk < e d(x~,F(T) )  < 3M - 6--M" 
k=n 
So, d(xgl, F(T)) <_ E/4M. 
There must exist P1 E F(T), such that d(xNl,pl) --< ¢/3M. From (18), it can be obtained that 
when n >_ N1, 
d (Xn+m, Xn) < d (x,~+ m, Pl ) + d (x~, Pl) 
< Md(xN~,pl) 4- Md(xN~,pl) 4- M ~ 4- ~ 
E E £ 
_< M~--~ + M~--~ + 5 = e. 
This imphes that {x~}n~__l is a Cauchy sequence. Since X is complete, thus limn__.~ x~ = p. 
It will be proven that p is a fixed point, i.e., p E F(T). For all E ~ > 0, because lim~__.~ x~ = p, 
thus, there exist a natural number N2, such that when n _> N2, 
E / a(x ,p) ___ 2(2 + (19) 
l imn- ,~ d(x,~, F(T)) = 0 implies that there exists a natural number N3 _> N2, such that when 
n> N3, 
d (x~, F (T)) < e'3 (3K1 + 4). 
Thus, there exists a p' E F(T), such that 
E ! 
d (XN3,p') _< 2 (3K1 4- 4)" (20) 
From (19) and (20), we have 
d(Tp, p) <_ d(Tp, p') + d(p',Txg3) + d(TxN3,p') + d(p',xg~) + d(xg3,p) 
< d(Tp, p') + 2d(Txg~ ,p') + d(xy3,p') + d(xN3,p') 
< (1 + kl)d(p,p') + 2(1 + kl)d(xy3,p') + d(xg~ ,p') + d(xN,,p) 
< (1 + kl)[d(p, xg3) + d(xN~,p')] + 2(1 + kl)d(xy3,p') + d(xy3,p') 4- d(xy,,p) 
= (2 + kl)d(xg~,p) + (4 + 3kl)d(xN3,P') 
£/ Et 
(2 4- kl) 2(2 4- kl~ 4- (4 4- 3kl) 2(4 + 3kl) 
e I" 
Since E ~ is an arbitrary positive number, we have TP -- p, i.e., p is a fixed point. This completes 
the proof of Theorem 2. 
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THEOREM 4. Let X be a complete convex metric space, T : X --* X,  a quasi-nonexpansive 
2~ oo mapping o[ E (T need not be continuous), and E(T), nonempty. Suppose that { ,,),~=i is an 
Ishikawa type lterative sequence with errors defined by (7). Then, {Xn}~=l converges to a fixed 
point of T if and only if limn-~oo inf d(xn, F(T) ) = 0, where d(y, C) denotes the distance of y to 
set C, i.e., d(y, C) = inf d(y,x), V x 6 C. 
Using the same method, Theorem 4 can be proven. 
THEOREM 5. Let X be a cornplete convex metric space, T : X --~ X, an asymptotically quasi- 
nonexpansive mapping of X (T need not be continuous), and F(T), nonempty. Suppose that 
{Xn}~=l is an Ishikawa type iterative sequence with errors defined by (7). Then, {xn}~=l con- 
verges to a fixed point of T if and only if lim~-~oo inf d(xn, F(T) ) = O. 
Theorem 5 can be proven by Theorem 3. 
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